An axicon is a unique optical element with a conical surface [1] and one that can produce a beam that propagates, diffraction free, for extended distances [2] . This beam, a Bessel beam, is characterized by its long and narrow central light segment, which offers several important applications such as alignment of optical and mechanical devices, particle detection by light scattering, and others.
The axicon can also be used as an imaging element with an extended depth of focus [3] . Because the axicon focuses light from a point to a line segment along the optical axis, it is well suited for imaging simple 3D scenes [4] . The narrow but extended focal line has also been utilized for increasing the axial depth of optical coherence tomography [5] . For more applications of the axicon, see a 2005 review by Jaroszewicz [6] .
This Letter describes a new application of the axicon: determining the 3D location of a paraxial point source of light. While the axicon has been used for twodimensional imaging purposes, the extension to three dimensions is a novel step forward. As in other applications where the axicon is used for imaging, the central bright spot of the Bessel beam produced is used to determine the in-plane location of the particle. This article will further demonstrate that under paraxial conditions, information on the depth of the point source is encoded in the spatial frequency of the Bessel beam.
Locating a point source of light in three dimensions has many applications in science and engineering. When paired with a microscope, for example, this axicon application can be used to do 3D particle tracking velocimetry measurements. Additionally, locating a point source in three dimensions is useful in determining the structure of fluorescently tagged cell components [7] . The theoretical problem addressed is shown in Fig. 1 , in which a point source is located at a position (r p , θ p , z p ) relative to the center of an axicon with a surface cone angle α. An image plane where the Bessel beam will be recorded is shown at a distance z i after the axicon. Because a point source will produce a spherical wavefront, the task is to propagate a spherical off-axis wavefront through the axicon and to the image plane [8] [9] . The Fresnel diffraction integral is used to illustrate that in the paraxial approximation, there is a direct relationship between the spatial frequency in the image plane and the distance of the point source from the axicon. Once the depth of the point source is known, the in-plane location of the point source (r p , θ p ) can be determined given the center of the Bessel beam in the image plane, (r c , θ c ).
To begin, first consider the wavefront produced by a point source of light:
where R is the distance between the point source and an observer. If R > 0 or R < 0, this corresponds to a point source in front of or behind the observer respectively. In the paraxial approximation the optical field immediately after the axicon is the product of the spherical wavefront and the transmittance of the axicon:
where the subscript ax denotes coordinates in the plane of the axicon, n is the index of refraction of the axicon, and α is the surface angle of the axicon. Provided the point source of light is far away from the axicon and close to the optical axis, then the center of the resulting Bessel beam will be close to the optical axis; the Fresnel diffraction method can then be applied to propagate the wavefront from the axicon to the image plane. A formulation of the Fresnel diffraction integral that incorporates matrix optics will be used to accommodate the placement of optical elements in the space between the axicon and image plane [10] . With this formulation, the diffracted wavefront in the image plane can be written as
where the subscript i indicates coordinates in the image plane and C, D and A are the respective components of the system matrix for the optical system in between the axicon and the image plane [11] . Combining Eqs. (2) and (3) results in the following expression for the wavefront: 
which can be reduced to the following after some trigonometric substitutions: gr p ; θ p : r a x; θ ax : r i ; θ i c sin ϕ 1 γ;
where 
e ix cos ϕ−ϕ 0 dϕ (11) results in the following expression for the wavefront in the image plane: (12) Using the stationary phase method [12] , Eq. (12) can be approximated by
where r s , the stationary point, is given by
Equation ( 
where β is the spatial frequency of the Bessel function.
Equation (13) shows that the resulting image is a Bessel beam. Provided the center and spatial frequency of the Bessel beam image can be found, then it is straightforward to apply Eq. (17) then (15) and (16) to determine the 3D position of the point source relative to the axicon.
Experimental verification of this result is provided in Figs. 2 and 3 . For these experiments, a point source of light was translated along the optical axis of an axicon in 50 mm increments starting at −835.0 mm. The point source of light was created by passing a collimated laser beam with a wavelength of 633 nm through a concave lens with a focal length of −100 mm. The axicon, which has a surface angle of 1°and was purchased from Doric Lenses, was placed 402 mm away from pco.1600 camera from PCO GmbH.
One advantage of this method for locating a point source of light is demonstrated in Fig. 2 , where it is clear that there is a good correlation between the predicted and measured beam profiles-the dashed and solid lines, respectively. The highly specific intensity profile facilitates finding the spatial frequency of these intensity patterns through methods such as surface fitting.
Once an estimate of the Bessel beam spatial frequency has been found, it can be used with Eq. (17) to calculate the axial position of the point source. This was done for the experiment described, and the results are shown in Fig. 3 along with the error in the calculated position. A linear best fit with a slope of 1.024 and a coefficient of determination of 0.997 is plotted over the points to show that changes in the axial distance can be accurately measured. The average error in the absolute calculated positions is 12 mm. Increases in the accuracy of the algorithm used to estimate the Bessel beam spatial frequency would decrease this error. In this Letter, a theoretical and experimental study of an axicon illuminated by an offaxis paraxial point source was presented. Fresnel diffraction theory was used to demonstrate that the intensity profile in the image plane is that of a Bessel beam. A direct relationship is then derived relating the position of the point source to several key properties of the Bessel beam: the center and the spatial frequency. This simple and direct relationship makes locating the position of the point source using an image of the Bessel beam possible. This application was demonstrated experimentally with excellent accuracy. 
